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QUESTION 1

1.1 Solve for xeR:

(a) xsf
X
x—iso
X
2
X 4s0
X
(X_Z)(X+2)£0
X
- + + +
- - + +
S -2 + 0 B 2
0 und 0

X<-2 or O<x<?2

(b) In(fe* +c) =k

ek =fe* +¢c

ek —c =fe*
k

e -c _

f
=)
X =In
f

1.2 Solve for xeR

‘x2+6x|:8

X?+6Xx=8 or x’+6x=-8
x> +6x-8=0 or x*+6x+8=0

L, —6x68
2

or (x+2)(x+4)=0

x=—3i\/1_7 or X=-2 or Xx=-4
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1.3 One of the factors of f(x)=2x" +5x* +13x° +15x* —2x -3 is (2x + 3).
Find the corresponding factor.

Method 1 — by inspection:

2x° +5x* +13x>® +15x? —2x -3
=(2x +3)(x* + x* +5x% 1)

Method 2 — by long division:

x*+x3+5x2 -1
2x+3>2x5 +5x* +13x% +15x2 —2x -3

2x° +3x*
2x* +13x3
2x* +3x°
10x® +15x?
10x3® +15x?
0 —2x-3
-2X -3
0

14 Determine real values of a and b if:

(a+Dbi)(4—i)=a+3bi +3b+]

4a —ai + 4bi — bi? = (a+3b) + (3b + 1)i
(4a+b)+(4b-a)i =(a+3b)+(3b+1i
~da+b=a+3b ®and ® 4b-a=3b+1
from® a=b-1

Substituting this in @ gives:
4b-1)+b=b-1+3b
5b-4=4b-1

b=3 and a=2
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1.5  Sketch the following functions on the axes provided. Also indicate the equations of
any asymptotes and show any intercepts with the axes.

(@) y=|In(x+1)|

N

s RN
N

(b) y=In|x-1

IEB Copyright © 2024 PLEASE TURN OVER



INTERNATIONAL SECONDARY CERTIFICATE: FURTHER STUDIES MATHEMATICS (STANDARD): PAPER | Page 5 of 19

QUESTION 2
Use mathematical induction to prove that:
6" —1 is divisible by 5 for all neN

If n=1, we have 6'-1=5
So, itis true forn=1

Now assume true for n = k
6 -1=5p where peN (*)
Now consider when n=k +1

6k+1 _1
=6(6)-1 @

From (*) we know that 6% =5p +1

Substituting this into @ gives:
6(5p+1) -1

~30p+5

=5(6p+1)

So, itistrue forn=k + 1

Therefore, by the principle of mathematical induction
6" —1 is divisible by 5 for n e N.
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QUESTION 3

If f(x)= 1 then determine f'(x) by first principle.

N

ol

Jx B Jx+h
£(x) = lim Yxx+h  Jxx+h
h—0 h

X xih | Jxxah

f(x) = lim XYxEh_ Vxedeeh
h

h—0

—h
f'(x):lll_rg ™
f'(x) = lim 1

'Ho(x/;\/x+h)(x/;+«/x+h)

f*(x) = lim -1

0 xJX +h + (X + h)(&)

-1 1

2x% 3

2x2

f'(x) =
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QUESTION 4
4.1  Find, with classification, all asymptotes of the following rational functions. You should
give the value(s) of x at which any removable discontinuities exist.

(@) y_2x2+6
x? -4

. 2X*+6
y‘(x—zxx+a

horizontal asymptote: y =2

vertical asymptotes: x =2 and x = -2

X2 +4x+3
b =
(b) y 2xX+1

X? +4x+3=(2x+1) A
2 4) 4

xX*+4x+3 17 5
=Xt —t—————
2x+1 2 4 4(2x+1))

1. 7. :
..y ==X+— is an oblique asymptote

X = 1 is a vertical asymptote

©) _ x*-6x+8
y x® —2x* —8x

~ (x=4)(x-2)
- x(x?-2x-8)

3 (x=4)(x-2)
T X(X—4)(X +2)

horizontal asymptote: y =0
vertical asymptote: x=-2and x =0
removable discontinuity: x = 4
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X2 +2x-5

4.2  Consider the function: f(x) =
2Xx -3

(@) Determine the coordinates of its stationary points.

X?+2x-5
0="2"3
(%) = (2x +2)(2x —3) —2(x* + 2x —5) 0

(2x —3)°
4% -2x—6-2x*-4x+10=0
2x>-6x+4=0
x?-3x+2=0
(x-2)(x-1)=0

x=2 or 1l
(2 ;3)and (1 ; 2) are the stationary points

(b) Use the fact that f"(x) = % to justify the nature of the stationary points

you found in Question 4.2 (a).

f"(1)<0 so (1; 2)is alocal maximum

f"(2)>0 so (2; 3) is a local minimum
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QUESTION 5

Consider the function f shown below:

y
A

(@)  Write a mathematical statement to justify why fis discontinuous at:

(1) x=-5

Iimsf(x) d.n.esince lim f(x)= lim f(x)
X —>—! X—>-5" X—>-5"

2) x=5

lim (x) = £(5)

(b)  Classify the discontinuity that exists at:
(1) x=-5
non-removable OR jump
(2) X=5
removable
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f(x) —4<x<-2
(c)  Suppose g(x)={ ax®+bx+c —2<x<2
f(x) 2<x<4

Find a, b and cif g(x) is differentiable at every point on the interval [—4 ; 4].

It must be symmetrical about the y-axis
so it will be of the form g(x)=ax*+p
For continuity we know that g(2)=g(-2)=2
so da+p=2D
For differentiability we know that
Iim2 f'(x)=-1
SO Iirn2 (2ax)=-1
~da=-1
1
a=——and p=3
2 p

.'.g(x)=—%x2+3 for x e[-2;2)
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QUESTION 6

6.1  The function y =—|x+2|+4 has been drawn below.

Draw another function which will enable you to solve:
| x+2|>~|x+3|+ 7 graphically.

Hence, or otherwise, give the solution to the inequality.

|x+2‘2—|x+3‘+7
—|x+2|<|x+3|-7

—|x+2‘+4£|x+3‘—3

So, we should draw y :| X+3 ‘ —3 (see above)
Solutionis x<-6 or x>1
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6.2 Draw the graph of y = | tanx‘ on the axes provided showing all points of interest.

You should also draw and label any asymptotes with their equations.

y =tanx]

<
<1

IEB Copyright © 2024
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QUESTION 7

A portion of the graph of the implicitly defined relationship x*—xy —y*-y =1 is shown

below.

y
N

N

Y

(@) Determine the coordinates of the positive x-intercept.

Lety =0
x?=1
X==x1

so (1;0)

(b) Find the equation of the tangent to the curve at the point found in Question 7 (a).
Differentiating implicitly gives:

2x—y—xd—y—2yd—y—d—y=0

dx dx dx
dy
—(—Xx-2y -} =y -2X
dx
dy = y-2x
dx —-x-2y-1
Substitute (1 ; 0)
d_y= —2 -1

dx -2
0=11)+c
y=x-1

IEB Copyright © 2024 PLEASE TURN OVER



INTERNATIONAL SECONDARY CERTIFICATE: FURTHER STUDIES MATHEMATICS (STANDARD): PAPER | Page 14 of 19

QUESTION 8

(@) You have learnt how to differentiate e* and Inx but what about differentiating
exponential and log functions of other bases?

. x Inx
Given a* =e"™ =e"™ and log, x = —

Ina

Hence, determine:
d

— (2" +log. x

(2" +log, )

Zi exln2_i_|n_X
dx In3

= ex'”zln2+i OR 2xln2+i

XIn3 XIn3

(b)  Solve cos? (0—%j—sin2 (9—%) =—% for 6 €[0; 27].

cos(ze—zj = —l
3 2

key £ :% in quadrants 2 and 3

20" — 7T o7k or 20" — 7+ % L 27k both with k €7
3 3 3 3
20 = 7+ 27k or 29:5?”+27zk
T 5x
0 =—+rk or 0 =—+rk
2 6
T 3z 5 11z
f=— or — or — or —
2 2 6 6

IEB Copyright © 2024 PLEASE TURN OVER



INTERNATIONAL SECONDARY CERTIFICATE: FURTHER STUDIES MATHEMATICS (STANDARD): PAPER |

QUESTION 9

Determine the following integrals:
(a) j x sec?(5x?) dx
Method 1 — by inspection
Ixsecz(sz) dx
_ tanigxz) e
Method 2 — by substitution
.fx sec?(5x?) dx

let u =5x? then du =10x and dx = du
dx 10x
= iIsec2 u du
10

1
=—tanu+c
10

= itan(5x2)+c
10

Page 15 of 19

ALTERNATIVE MEMO FOR THOSE USING INCORRECT FORMULA AS

PROVIDED IN INFORMATION BOOKLET

Method 1 — by inspection

Ixsecz(Sx) dx

2
=cot(5x )+
10

IEB Copyright © 2024
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Method 2 — by substitution

J-xsecz(Sx) dx

let u=5x2 then %= 10x and dx=ﬂ

10x
-1 sec?u du
10

1
=—cotu +
10COU c

1 2
=— +
10cot(5x )+cC
(b) j3+cm?xdx
:_[2+1+cot2 X dx

= IZ +cosec?x dx

=2X—COotx+cC
x® +4
(c) jx2_4dx

X*+4=(x*-4)x+4x+4

x®+4 4% + 4
5 =X+
X -4 (x=2)(x+2)

a4x +4 A B
w = +
X-2)(x+2) x—-2 x+2

no

cover up method gives A =3 and B =1

-'-J~X3+4

!
x? -4

X—2 X+2

dx

dx:Ix+

XZ
:?+3In|x—2|+ln|x+2|+c
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QUESTION 10

(a) Determine the shaded area in terms of k showing all working details. You should
evaluate any integrals in your answer.

5] y=In(x+1)+3 —

y=cos(2x)+In(x+1)

> X

j S —
Pl e ——

-3

<«

A= _[I:r In(x +1) + 3 —(cos(2x) +In(x + 1)) dx

A= ji 3 —cos(2x) dx

A [3x B sin(ZX)}k
= |

A—3K_ sin(2k) —(37:— sin(27z)]
- 2 2

sin(2k)

A=3k - 3z
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(b) Determine, to 1 decimal place, the volume when the shaded area below is rotated
about the x-axis.

y =sec(x)

>

"

|

o

I
NME!

N
Y
=

1.4 1,4

vol = ﬂju sec? x dx
1,4
= z[tan(1,4) —tan(-14)]

= 36,4 units®

ALTERNATIVE MEMO FOR THOSE USING INCORRECT FORMULA AS
PROVIDED IN INFORMATION BOOKLET

1,4
vol =J sec?x dx
.4

=Tr[cot(1,4)—cot(-1,4)]

=1,1 units®
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QUESTION 11

In the diagram below, O is the centre of the circle. AOB =0 and AO =BO =8 cm.
The shaded area is 45 cm?.

Use the Newton-Raphson method to determine é (in radians) to 5 decimal places.

You should:

Show the equation you are solving.
Show the iterative formula you will use.
Use an initial approximation, 6, =1.

Give 6, to 5 decimal places.

Shaded area = sector — triangle
1 1 ,
==(8%)8-=(8%)sin#
2( ) 2( )
=320 -32sind

:.320-32sin@ =45
..320-32sin6d-45=0

~f(@)=0
320 -32sin@ - 45
0., =0-
32-32cosd
5.6,=3,71422
0 =2,20926

Total: 200 marks
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MODULE 2 STATISTICS
QUESTION 1

1.1 (a)

PWI|R)=p

P (R) 0,8

PWI[R)=1-p

P(W |R)=0,9
(b) 0,8p+0,2(0,1) =0,5
p=0,6

1.2 (a) A continuity correction is applied when a continuous distribution is
used to approximate a discrete distribution.

(b) 1) np=28
Since np < 5 hence no approximation should be used.

(2) np=28>5;nq=42>5 yes a normal approximation can be
used,N (28;16,8)
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QUESTION 2
2
1645x—2_--99-91
J40
o =3,08
(b)  100(0,05) =5
22 (@) H,:u=300
H, : 12 <300
(b)
298-300 _ 233
120
<94
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QUESTION 3
(@) X~N (6,5;1,15?) v
P(X >5)=P 7522551, P(X >5)=P 752-65
115 115
= P(Z‘/> -13) v or calc: =P(Z > -1,30435)
=0,5+0,4032 v =0,9039
~0,9v ~0,9
(b) P(X<t)=0,05"Y
Vv _
_1645-1255 _16449- 1202
115 or calc 115
t=46"v =4,6083

.. 4 years and 7 months.v’

(c) xB (10;0,1) v
v v v v
P(X <1) 4 [18(0,1)0 (0,9)° + (110 j(o, 1(0,9)°

=0,7361v
Note: If they use p = 0,9032 (as per exact answer in (a)) then
p(x<1)=0,74847

(d)  X~B(9:0,1)
=P(X =1)x0,1

9) v v v
= [J(o,l)(o, 9)® x 0,1V

=0,0387Y

P(X<3) ,
P(X <5)
3-6,5
115
0,1v
_P(@Z<-304) ,
0,1
- 0,5-0,49882 vv
- 0,1
=0,0118 ¥
With calc (ans = 0,01138)

(e) P(X <3| X <5)=

P(Z<

)
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QUESTION 4

41 (a) 2p+gq+0,3=1
. 2p+q=0,7 ...(
p+0,4+0,3+4q=245
p+4q=2175 ..(2)
~p=015 g=04

(b) P(X <245)=P(X =0)+P(X =1)+P(X = 2)
= 2(0,15)+0,2
=0,5\/

(2 Y

=1
", a probability density function

(b) cos AOB =

cos AéB =

~

AOB

© P EX < \E} = Asccorvos + A
638 E)

=0,9423

c»lllkl N|%\ éﬁ""ﬁ
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QUESTION 5

5.1

_ 85 (0,21465)
396
(7)

5.2
44 14 19 25 25 24

— X T x4 =
100 99 100 99 100 99
=0,1708
Or

19 39 25 38

—X— |+| —x—

100 99 100 99
=0,1708
Or

3 39 8 39 25 38 8 39
— X— || —x— |4+ —x— |+ —x—
100 99 100 99 100 99 100 99
=0,1708
Or

19 39 25 14 25 24

——X— |+| —X— |+| —x—
(100 99) (100 99} [100 99)
=0,1708

Total for Module 2: 100 marks
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MODULE 3 FINANCE AND MODELLING

QUESTION 1

Shailen takes out a loan of R15 000 now, and a further Rx rand 6 years from now. The loan
is to be repaid by means of semi-annual instalments of Ry, starting in 6 months' time
finishing in 10 years' time.

(@)

(b)

Calculate x if y = 3 500 and the interest rate is constant at 10% per annum
compounded semi-annually.

15000(14-7) +X<1+7) = E
2

x = R51 393,34

OR

3500[ ( £ ]

1500+ x(1+%) " =

Calculate y, given that x = R10 000 and the interest is 10% per annum compounded
semi-annually for the first 6 years and 12% per annum compounded semi-annually
for the remaining 4 years.

15000(1 %j (1 O—;ZJ +1000O(1 O_;.Zj

SR R

01 0,12
2 2
..y =R 1669,36

OR, bringing values to interest rate change:

o1 y[(1+02'1)12 —1} y[1—(1+°§2)‘8}

15000 (1+ —j +10000 = +
2 0,12

01

2 2

IEB Copyright © 2024 PLEASE TURN OVER



INTERNATIONAL SECONDARY CERTIFICATE: FURTHER STUDIES MATHEMATICS (EXTENDED): PAPER Il Page 8 of 18
MARKING GUIDELINES

QUESTION 2

A loan is taken and is to be repaid by means of 120 monthly payments, starting after one
month, with interest calculated at 12 % per annum, compounded monthly. The total interest
paid over the course of the loan is R1 443 302,76.

(@)  Calculate the monthly payment and show that the loan is R2 000 000.

(1)

(2)

-120
X|1— (1+ O’lzj
12
0,12
12

P=

120x —P =144 3302,76

-120
X|1-|1+ O’lzj
12

.120x —144 3302,76 =

0,12
12
X =R28 694,19
-.P =120(28 694,19) -144 3302,76
=R?200 0000

(b)  Calculate the interest paid in the 815t month.

0.B,, =

40
28 694,19 {1—(1+ O,le }
12

0,12
12
=R942164,72

0,12

codnterest =942 164,72 x ——
12

OR

OB,, =2000000(1+%2)" -

=R9 421,65

28694,19[(1+ o) —1}

0,12
12

= R9421,67
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QUESTION 3

A savings scheme, where interest is calculated monthly, is represented by the following
recursive equation:

F,., =aF, +1200(108)"; F,=b

(@)  After 1 month the balance is R3 230 and after 2 months it is R4 574 ,45.
Calculate a and b.

The initial amount

3230 =ab+1200

2030 =ab

4 574,45 = 3 230a + 1200(1 08)
3 278,45 = 3 230a

a=1015

,_ 2030
1,015

=R 2000

(b) The effective rate, as a percentage correct to 2 decimal places.
i=0,015

r, =(1+0,015)% -1

=19,56%
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QUESTION 4

A population, P_, is growing logistically within an environment with a fixed carrying capacity,
K. At the point at which the population is growing at its most rapid rate, P,= 6 000.

Furthermore, when P = 10 000 then % =0,03.

(@)  Sketch the graph of % against P, indicating at least two points on the graph.

AP 4
P

(10 000; 0,03)

12 000

Ty

(b)  Prove that P, , =1,18P, —0,000015P?

o __ 0-003
12 000 — 10 000

- 0,000015
0,03-r
10000
~r=018

=-0,000015

AP r

- P+
P 1200

-.0,03 =———(10000) + 1
1200

~r=018

Pn
12000
0,18P?
12000

P.=P +018P (1-

)

=P +0,18P, -

(c) Determine % when the growth rate is at its highest.

v
AP _018 7, o
P 2 v
QUESTION 5
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There is a fascinating relationship between the great white shark and the Cape fur seal in the
. waters around Seal Island, off the coast of Cape
Town. The sharks employ a hunting technique
known as ‘'breaching', where they launch
themselves vertically out of the water to catch seals
swimming near the surface.
Great white sharks, of
which 30% are thought to
be reproducing, typically
have a small litter every
two years. The great whites have a long lifespan, but this can be taken
to be 12 years in terms of their interaction with the island. There are

urrently 6 regular predators around the island. Each shark may eat up to 45 seal pups per year.
Female Cape fur seals typically produce a single pup every nine months,
with a 15% pup mortality rate. Assume that one-quarter of the seal
population is producing young and there are currently around 1 500 in
the waters around the island, with a capacity for 1 650. With a prevalence
of sharks, the equilibrium of seals is predicted to be 228. Consider a yearly
cycle.

(@)  Calculate the intrinsic growth rate of the seals, to 4 decimal places.

a= 085x025x1x%

= 0,2833

(b)  Determine the rate of the successful attack of sharks on the seals.

b.F,.R, = decrease in seals

bx6x1500=45x 6

b =0,03
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(c) Calculate an estimate of the litter size of the great white shark

208 — 1/12
fx0,03
~.f=0,0122

foR,F, = 0,03 x 0,0122 x 6 x 1500 = 0,3 x 6 xg

.. X =3,66
Therefore 3 or 4.

(d) Determine the equilibrium number of sharks.
F - 0,2833 1- 228
0,03 1650

=8,14

ie. about 8
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QUESTION 6

Two simultaneous recursive equations are given as follows:

3y
=—"1-(1250+X =100
yn+1 5 OOO ( n) yO
Xy = —2— (1500 - x, —20y,) X, =10
n+l 1000 n n

(a)  Calculate (x,;Y,)

=3100) 1556, 100)= 75,6
5000
x. =9 (1500 —10 — 20 (100)) = 5,1
17000 ’

(b) Determine the equilibrium values of x and y.
yn+l = yn ’ Xn+1 = Xn

5000 = 3 (1250 + X,)

X, =416 2
3
1000 =1500 - 4162 - 20 x y,

Ye =4

o

Total for Module 3: 100 marks
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MODULE 4 MATRICES AND GRAPH THEORY
QUESTION 1
1.1 (a) Rotation anti-clockwise by 90°
(b) A shear y-axis invariant
Scale factor of Y2

OR
X=X

y=y+ =x
2

(c) A stretch with the x-axis invariant by factor of 3.
then reflection in y = —x

OR

Rotate 90 degrees clockwise,
then a stretch with a scale factor of —3 with invariant y-axis.

1.2 (a) Find the transformation matrix that maps AABC to AA'B'C*
7 511 19 9 15
M x =
& 2 J {6 2 2}
1 2
M= or
o

1 k][7 5 11] _fi99 15] .
01lle 2 2| |6 2 2|°P Pying

7+6k=19 ;k=2
(b) Shear by factor 2 Invariant x-axis

(c) Ratio 1; Area remains unchanged.
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QUESTION 2
21 (@) square

(b) non-zero

2.2
2 1|12 3| _ |[3x+2 7
1 4ix 1 7-x 7
4+x = 3x+2
x=1
2.3
2 -5 3| 8 2 -5 3| 8
0 13 -1|-10 ~/0 13 -1|-10
1 3 2| 3|2R;,-R, |0 11 1 |-14|R,+R,
2 -5 3| 8
~/0 13 -1|-10
0 24 0| -24
y=-1
z=-3
X=6
123 4 5 2 3
24  (a) 0 4 5|= —0+
0 6 4 5
1 0 6
=24-0-2=22
24 5 -4
(b) Co-factorA=|-12 3 2
-2 -5 4
L 24 -12 -2
c —| 5 3 -5
() >
-4 2 4
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QUESTION 3
3.1 Pairs of edges that connect vertices: A; D; E; G

3.2
B

E D
3.3 (a) Graph (i) has more edges that Graph (ii)

(b) (a,e)or(d,e)
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QUESTION 4

41 A-C 2
C-F 1
F-B 1
B-E 2
E-G 2
F-D 3
Total =11

42 (a)
15 3 7 18 12 19
O-M-N-R-S-P-0

Total = 74

(b) For example: O-M-R-N-S-P-0 =69
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QUESTION 5

(@)
C(7) J(12) —— F(17)

K(16)

D(4)
/

A —— B(6)

D(5)
S\EB - )
\\\m&——omm
\\\WQ%——NM)

AEBGHK (14)

() AEBGHK to J =18

(14) 4)
(c) Triangle inequality 1<BF<11
AEBFK is the shortest route
. BF+8<14 BF<6
1<BF<6

Total for Module 4: 100 marks
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