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Time: 2 hours 200 marks

These marking guidelines are prepared for use by examiners and sub-examiners, all
of whom are required to attend a standardisation meeting to ensure that the
guidelines are consistently interpreted and applied in the marking of candidates’
scripts.

The IEB will not enter into any discussions or correspondence about any marking
guidelines. It is acknowledged that there may be different views about some matters
of emphasis or detail in the guidelines. It is also recognised that, without the benefit
of attendance at a standardisation meeting, there may be different interpretations of
the application of the marking guidelines.
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QUESTION 1

1.1 Solve:

€) In2+e*)=2 Leave your answer in the form x =In(....)

e’=2+e"
e =e’-2
—x =In(e* -2)

X =-In(e* -2)

X =1In 1
e’?-2

(b) |2x+3|=3x+4

2X+3=3Xx+4 or 2X+3=-3x-4

X=-1 or x=—Z
5

a check reveals x =-1 only

1.2  Give, in standard ax®+bx®+cx®*+dx+e=0 form, a quartic equation which has
X = 2+\/§ and 2—i as roots. The values of a, b, ¢, d and e must be rational.

one quadratic has roots 2+ J3 and 2-43

the sum of these roots is 4 and the product is 1 so x> —4x+1=0
the other has roots 2—i and 2+i

the sum of these roots is 4 and the product is 5 so x> —4x+5=0
(x* —4x+1)(x* -4x+5)=0

x* —8x> +22x* —-24x+5=0

1.3 Determine positive real values of a and b if:

(a+bi)b+i)=(2b+a)i
LHS = ab—b + (b? + )i

so, ab-b=0 and b?+a=2b+a

so, b(a-1)=0
since b=0, a=1
s b=2
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1.4. Sketch the following functions on the axes provided. You should draw and give the
equations of any asymptotes as well as showing any intercepts with the axes.

@ y-e*-1

(b) y =In(x+1)

PIPIeRT WSSV RSSO SIS NSRS NSRRI [P Ss—" S—
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QUESTION 2

Use mathematical induction to prove that:

~1+4-9+16-25+.....(-1)"n? :W forneN

ifn=1 LHS=-1 and RHS=-1soitistruefor n=1

assume true for n=k

144-9416-25+.. (1) k? = COKKAD o)

now consider n=k +1

but this is just (*) with n=k +1
so, we have proved it true for n=k +1

.. by PMI we have proved it for ne N

IEB Copyright © 2023
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QUESTION 3

Determine di\/BX by first principles
X

€100 = «/3(x+h ~3x

f'(x)_ lim \/3(X+h \/3_)( \’3(X+h +\/37
e h \/3(x+h +/3x

Fi(x) = 3(x +h)—3x
h”"h(Q/B(x+h +\/§)
£1(x) = lim 3x +3h -3x
h”°h(,/3(x+h +\/§)
f1(x) = li
) hlinoh(1/3(x+h +\/§)
f1(x) = li
© hlino(w/3(x+h)+\/§)
, 3
fi(x) =

23x
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QUESTION 4

2 —
Consider the function f(x) = %

(@) Determine, with classification, the equations of any asymptotes.

vertical asymptote: x =2
X>—5x+7=(x-2)(x-3)+1
X? —5x+7 1
SO, ———— =X-3+
X—-2 X—-2
so, y = X —3 is an oblique asymptote

(b)  Justify mathematically why the function does not have any x-intercepts.

X*—5X+7
X-2

X2 =5x+7=0

but A =(-5)>-4(1)(7)=-3

.. no real roots

0

(c) Determine the coordinates of any stationary points.

x?—5x +7
=T
f,(x):(2x—5)(x—2)—1(2x2—5x+7)
(x-2)
oy X2—AX+3
)= (x-2?
X2 —4x+3=0
S (x=)(x-3)=0
S.Xx=1 or 3

~(1;-3) or (3;)
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(d) Draw the graph of f on the axes provided showing all points of interest.
You should draw and label any asymptotes.

y

Oblique Asymptote
y=Xx-3

I
6 A i
|
1 I
|
I
4 <+ i
|
|
L I
|
|
2 . }
|
|
il I
I
<y : ! ; i |
0 4
st /*
|
|
i
|
|
|
|
|
|
|
|
|
|
|
|
|
I
|
|
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QUESTION 5

5.1

On the axes provided draw a function g which satisfies the following:

e g is continuous for all values of x except at x =-3 and x =2
e g(-3)=4 and lim_g(x) exists

e g(2)=1land Ilim g(x)=1 butthere is a jump discontinuity at x = 2
X—>2

e g is also not differentiable at x =1

5.2
(@)

6 -5 -4 -3 2 —-1_|

T+

2 3 4 5 6

limg(x)= lim g(x)

(b)

X—=>p~

5.3

(a)
TRUE
(b) Ife
point.
FALSE

IEB Copyright © 2023

lim h'(x) = lim h'(x)

Express the following statements using mathematical notation:

The left-hand and right-hand limits of g at a are unequal.

h is not differentiable at p despite being continuous at p.

Answer true or false to each of the following statements:

Page 8 of 18

If a function is differentiable at a point, then it is continuous at that point.

If a function is not differentiable at a point, then it is not continuous at that
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QUESTION 6

Page 9 of 18

6.1 Use the axes below to solve |x—-2|—-5>—|x—1 sketching the graphs of two

functions. You must label the graphs you have drawn with their equations.

X<-1 or x>4

6.2  Draw the graph of |y| = sinx on the axes provided showing all points of interest.
Y
T <a va va
: $ : : } : & x
m il 3m T 51 3m im 21h1<
4 2 3 4 2 4
va
14 v'a
va
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QUESTION 7

In the diagram below triangle AOB is equilateral with sides of 1 unit.
O is the centre of the circle and CD =+/3 units.

Determine the shaded area.

0]
D
B
C
A
2
- 12412 (3
cos(COD) = ( ) = 1
2(D(D 2
-.COD=7—cos™ }j _2z
2 3
Area sector OCD = l(12) 2r)_2x
2 3 6
from this we must subtract AOCD = %(1)(1)sin2?ﬂ = g
and the segment formed by AB = 1 127% _ginZ | = f_ﬁ
2 3 3 6 4
so, shaded area = 2—7[—£ — Z_ﬁ
6 4 6 4

so, shaded area = % =0,52 units?
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QUESTION 8

A portion of the graph of the implicitly defined relationship x®*y — xy = 4in(y) is shown below.

y
A

X3y —xy =4In(y) A

A pememmnna

(a) Determine the y-coordinate of point A showing all working.

1%y —1y =4iIn(y)
0=4In(y)
In(y)=0

y=1

ARG D
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(b) Find the equation of the tangent to the curve at the point A.

X%y —xy = 4In(y)
implicit differentiation yields:

3X2y+x3d_y_y_xd_y=£.d_y
dx dx y dx
3d_y_xd_y_£.d_y:y_3xzy
dx dx y dx

X
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QUESTION 9
The function f(x) = JX sinx —e* +9 is shown below.

Use the Newton-Raphson method to find the x-intercept to 5 decimal places using x, =2
as an initial guess.

~
Ll

y =+/xsinx—e* +9

A

You should show:

e the iterative formula you use.
e X, to 5 decimal places.

You do not need to write down all your approximations.
f
nl = Xn - .(Xﬂ)
f'(x,)

Jx,sinx, —e* +9

X =X — 1 1

Ex_E sinx, ++/x, cosx, —e*
X, = 2,37838
X =2,31448
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QUESTION 10

Kofi is attempting to work out the area under the curve y = x*> +x from x =0 to x =3 by
partitioning it into rectangles as shown.

134 /
124
1+
104
9-_
84
7-_
64
54
4_-
34
24
1__
: : > X
v 1 2 3 4

He has correctly worked out that when he uses n rectangles the area is given by:

A:13,5+E+ 272.
n 6n

He uses his formula and ends up with an error of 13%%. How many rectangles did he use?

3
exact answer = _[xz +x dx =135
0

SATI35 4004
13,5 3
A= £x13,5+13,5
300
.. A=15,345
13,5+§+2—72 =15,345
n 6n

-.81n* +108n + 27 = 92,07n?

~.11,07n? -108n-27=0
..n=10
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QUESTION 11
Determine the following integrals:
(@)  [sin®xdx

cos2x =1-2sin® X

. 28in* X =1-c0s 2x

S.SiNP X = 1 —Ecos 2X

2 2
= IE—ECOSZX dx
2 2

_ X sin2x

2 4

(b) Ix\/x +1 dx

+C

let u=x+1then x=u-1
and du =dx
1

= J(u —1)u2du

=—(x+1)5—§(x+1)5+c

Alternatively:

I X/ X +1 dx
by parts

1 3

let f(x) = x then f'(x) =1 and let g'(x) = (x +1)2 then g(x)zg(x +1)?
3 3
=§x(x+1)2—j§(x+1)2 dx

2 22 :
=—X(X+1)? —=|(x+12? dx

S XOcHD? = 2 [(x )

2 222 >
=—X(X+1? —=x—=(x+1)2

3 (x+1) 3X5( )

2 3 4 5
=—X(X+1)? -—(x+1?+cC
3 XD (x4 D)
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J' 2X+3

z—dx
X“+6X+9

(©)

2x+3 __A B
(x+3)° x+3 (x+3)°

S2X+3=A(Xx+3)+B=Ax+(3A+B)
S~ A=2and 3(2+B=3 so B=-3
=J 2 dx—.[ 3 5 dx

X+3 (x+3)

= 2In|x +3|-3[ (x+3) dx

=2In|x+3[+3(x+3) " +c
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QUESTION 12

Consider the function y = % +4.

(@)

It is rotated about the x-axis from x =2 to x = b generating a volume of

By setting up and evaluating an integral determine the value of b.

b 2
7Z'I X4 dx=ﬂ
2 3

2

3 b
X 1 2x? +16X _ 436
12 . 3

3 3
b ob? 1160 2 1 2022)+16(2) | = 238
12 12 3

3 3
b—+ 2% +16b =| 2+ 2(2%)+16(2) |+ 436
12 12 3
b3
ot 2b* +16b =186

b® +24b* +192b-2232=0
b=6

IEB Copyright © 2023
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(b) The surface area (S) generated by rotating f about the x-axis from x =a to x=b is
given by the formula:

b dy 2
S=2 1+ == | dx
ﬂiy / +(de

Determine the surface area when the function is rotated about the x-axis from x =2
to x =6.

6
S =27zj'[§+4j 1+ ()2 dx
2

6

S =J§7zj[5+4)dx
2

S = 24+/57 units?

Total: 200 marks
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MODULE 2 STATISTICS
QUESTION 1
1.1 (a) s A
B C
0) .
B C
© N
B c
@ ;
B c
63 7

12 (@ P(FAl)=g=o5

(b) P(F)xP(L)=P(FnL)

108 x 7
180 180 20
X =105
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QUESTION 2

X ~N(10;4%)

(a) F’(12<x<15):p(12—10<z<15;10j
=P(0,5<Z<125)
=0,3944 -0,1915

=0,2029

(b) P(X>a)=008

1405 = a-10

a=15,62 ...16 minutes

P(X >15)
P(X >12)
0,5-0,3944
~ 0,5-0,1915
=0,3423

© P(X>15|X>12)=

(d) X ~B(6;0,2029)
P(X=2)= (2](0, 2029Y’ (0,7972)*

=0,2493
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QUESTION 3

31 (@ A96% Clfor u is:

145

2,57 £2,05 x
\J220

(2,37,2,77)

(b) 3 is not in the confidence interval hence Naomi's claim is unjustified/
incorrect.

3.2 Hyip —u, =140
H, @y, —p, >140
Reject H, if Z>1,645
Test Statistic:

S (1752 -1598)-140
50* 20°
—+

40 50

=167
Conclusion: Since Z >1,645 reject the H, at the 5% level of significance

and hence sufficient evidence to suggest the mean of X is greater than the
mean of Y by at least 140.
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QUESTION 4
(@) p =0,45
(b) 0,25

©  (0,75)° (0,25)
= 0,1406

(d) E[K]=1(0,15)+2(0,45)+3(0,35)=21
0% =1(0,15) + 4(0,45)+9(0,35) - (2,1)°
o =0,8307

€ P(M+K>4)=P(M=2)xP(K=3)+P(M=3)xP(K=2)+(M=3)xP(K =3)
=(0,45)(0,35)+(0,25)(0,45)+(0,25)(0,35)
=0,3575

QUESTION 5

(@) The mode has the highest probability as it is the value that occurs the most
often.

2w = L
(b) jkx dx_2

@ 3e-93)-
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QUESTION 6
@ 6o0or8 _ _ _ _ _ _ _
| |
N 221260 or 1x— O
212121 2 21212121

(b) 15t option: all 4 numbers are distinct (e.g. 6 842 — has to start with 6 or 8)
3x2=12 or %x4! =12

(by symmetry % of all possible arrangementsj or 2x°P, =12

2"d option:1 double repeat and 2 distinct (e.g. 6 228 — has to start with 6 or 8)

6___+66__+8__ _+88__

31 (3
=| 3x1Ix2x—+ x3l [(x2=72
21 (2

Or

I
E><i><4>< 3 =72
2 2! 2

1 . .
> of all possible arrangements x arrangement x #possible doubles

xselecting 2 from 3 other numbers

Option 3: 2 double repeats (e.g. 6622)

66 _+88
|
3xi><2:18
2!
Or

I
lxix 4 =18
2 2121 (2

1 .
> of all possible arrangements x arrangement x

x selecting 2 pairsfrom 4 numbers

Hence total # options:
12+72+18 =102

Total for Module 2: 100 marks
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MODULE 3 FINANCE AND MODELLING
QUESTION 1
(@) .
7,5%42 | 10854
e . P ————————— - — - - -
=]
| i
750 000 :
I I I I I I I I I I I
I I I I I I I I I I I
0 1 2 3 4 5 6 7 8 ] 10
X 550 000 2
|

72 36 -4 -16
750 000 (1 " O'ffj =X [1 " Mj +550 000 (1 " OT’lj +2x (1 . OTJJ

. X=R260251,76

-4 -16
(b) 550000 (1 + 07’1) + 2 x 260251,76 (1 + OTJJ

=R 848 897,01
[19]
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QUESTION 2

2 4
SORMGEY
2 4

r = 0,0808

61
30000 [(1 + 0’28] _ 1}

30
100 000 Hl + 0’0;308] _ 1}
F = +

0,08 0,0808
4 2

R9166092,92

QUESTION 3

(@) Pxi= 15000

- 15000 ~ 001
1500 000

x[1-(1+0,01) ]
0,01
R25 281,09

1 500 000 (1 + 0,01)

x
1

25 281,09 (1,01)" 1]

b) 0., = 1500000 (1 +0,01)7 —
®) ” ( ) 0,01
= R960 022,62
25281,09 (1,01)" - 1]
0.Bg, = 1500 000(1,01)3 —

0,01

R761 150,02
.. AOB = R198 872,60

-. Interest =12 x 25 781,09 — 198 872,60
=104 500,48
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QUESTION 4

@ () 0,08

i _ 0,064 - 0,08
400
= 0,000 04
- L =0,00004
k
k= —298 600
~0,00004
(iii) % = —0,000 04 P + 0,08

.. 0,032 = -0,000 04 P + 0,08
- P =1200

b) P.., = Pn+008Pn1- i
(b) n+1 T TR EESTE 2000

(c) LZ_ZOO = 900 inhabitants

25 — 26 cycles / iterations

IEB Copyright © 2023
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QUESTION 5

@ a=06x1x1x0,8
=0,48

(b)) 20x10 = 20 x 500 x b
-~ b =002

€)  f(0,02)(20)(500) = 15

- f=0075
d 95 = ¢
@ ~ 0,075 x 0,02
-. ¢ = 0,1425
Lo - 048(, 01425
©) = 00207 0015x002xK
K = 570
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QUESTION 6

(@) 9=5a-3+b
- b =12 - 5a
15=9a-5+Db
b =20 - 9a

--a=2and b =2

(b) T, =2(15) -9 + 2
= 23

T, = 2(23) — 15 + 2
= 33

(c) Difference increases by 2 ...
LT, =T, =1+ 2n - 1)
T, =T,_,+2n -2

Total for Module 3: 100 marks
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MODULE 4

GRAPH THEORY & MATRICES

QUESTION 1

1.2  Two columns are a repeat of each other, or volume is zero

1.3 (@

(b)

()

(d)

1 -1 -2
A'=13 2 4
O p O

det(A)=0—(-p)(4+6)+0
=10p

using column 3

det(A")=0—(-p)(4+6)+0
=10p
det(A)zdet(AT)

using row 3

1 3 0)1 -1 -2 10 5 10

-1 2 7|13 2 4 |=|5 54 10| foreach row (column)

-2 4 0)\0 -7 O 10 10 20

Yes, as A is a reflection of AT

IEB Copyright © 2023
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QUESTION 2

X+3y—-2z=-7
4Xx+y+z=5
2X -5y +7z2=19

1 3 2x] [-7
4 1 1|yl|=|5
2 5 7| z| |19
R,-4R,; R, —2R,

1 3 -—2:-7
0 -11 9 : 33
0 —-11 11 : 33
R, - R,

1 3 -2: -7
0O -11 9 : 33
0O O 2 : 0

z=0

-11y = 33
y=-3

x+3(-3)+0=-7
X=2
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QUESTION 3

31 1 0)(-144 -1 (-1 44 -1
' 021 12 2) 12 24 4
3.2 Areais 2 x the original.

O 0 0 O -1 4 4 1
3.3 + —
-1 1 -1 -1 1 13 3
34 m=2
3
_2 —
tan 6 = A Rad = 0,588
0 =33,69
c0s33,69 -sin33,691||-1 4 4 -1 o
: pre-multiplying
sin33,69 c0s33,69 (|1 1 2 2
-1387 2,774 2,219 -1941
0,277 3,051 3,883 1109

IEB Copyright © 2023
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QUESTION 4
41 (a)
A B C D E
A - 1 1
B - 1
C 1 - 1 1
D 1 1 - 1
E 1 1 1 -
(b) A
C E
D
\ B
Degree
Edges

(c) 4 points have odd degree

4.2 Forced to form a circuit
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QUESTION 5

51 E-G 75 (compulsory)

G-D 30 (or ED)
G-F 35
F-A 40
E-B 45
G-C 65
215

Cable length 290

52 (a) Sum of edges = 111

Isolate odd degree edges A; C; E; G

Addin: CBA 10
EFG 10

. shortest =111 + 10+ 10 = 131

52 (b) Tourist — information
M K
\F [~
/. o
6
7

E
J

wv

H—1  12x

G

i

4/1 11
4
I

H—— 13 x

\A 21 16 x

Information to toilet

G—»M-J-1

| > J—-K-=D12 units
- 23 units
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QUESTION 6

2 2
6.1 ab b ab b
—a’ -—ab)|-a®* -ab
a’b*-a’h* ab®*-ab®
—a’b+a’b -a’b®+a’b?

3

.. B is nilpotent

62 (a3 P=2

-1 +2 4
b) 1-A=|+1 2 4
-1 +2 4
-1 +2 4
(I-AY =|+1 -2 —4|=1-A
-1 +2 4

(I=A) =12 —2IA+ A?

=1-2A+A (since A*=A)
=1-A
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